ASYMMETRIC NUMERAL SYSTEMS
AS ACCURATE RELACEMENT FOR HUFFMAN CODING

DATA COMPRESSION - used everywhere to store or transmit information

data statistical
modelling

> symbol sequence (s; > bit sequence

22 entropy code

Huffman coding | fast, but operates on integer number of bits:
(or any prefix codes approximateprobabilitieswith powers of/,
Golomb, Elias, unary) geting suboptimalcompression rat

Arithmetic coding T accuratgrobabilities butmany times slower
(or Range coding) (needsmorecomputationpatterydrain)

Asymmetric Numeral Systems (ANS)i accurateand faster than Huffman:
we constructiow stateautomaton optimized for given probabilitdistribution

(also allows for simultaneouseryption)

Jaio s ghuda
Warszawa31-01-2015
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Huffman vs ANSIn compressors (LZ + entropy cocer):
from Matt Mahoneybenchmarkshttp://mattmahoney.net/dc/text.html

Enwiki8 encode time | decode time
bytes [ns/byte] [ns/byte]

|zturbo 1.2 739 26,915,461 582 2.8
LZA 0.70bzmx9 zb7 zh7 27,111,239 378 10
WINRAR 5.00zma5zm5 27,835,431 1004 31
WINRAR 5.00 zma5 zm?2 29,758,785 228 30
|zturbo 1.2 732 30,979,376 19 2.7
zhuff 0.97zc2 34,907,478 24 3.5
gzip 1.3.5 79 36,445,248 101 17
pkzip 2.0.4zex 36,556,552 171 50
ZSTDO0.0.1 40,024,854 7.7 3.8
WINRAR 5.00zma5zm1 40,565,268 54 31

zhuff, ZSTD(Yann Collet): LZ4 + tANS(switched from Huffman)
|zturbo (Hamid Bouzidi): LZ + tANS spitched from Huffman)

LZA (Nania Francesco): LZ + rANS

switched from range coding)

e.g.lzturbo vs gzip: better compression , 5x faster encoding,6x faster decoding
saving time and energy In very freguent task



http://mattmahoney.net/dc/text.html

We need = bits of information to choose one of ° possibilities.
For length¢ 0/1 sequenceswithny &§§ £ Opoh EI x [ AT U AEOO

Th(p) () 72" A
/H\
0 0.5 T p o 0.5 1

(pr:’l) ~ 2nh(p) for h(p) == —plg(p) — (1 —p)lg(1l —p)

Entropy coder: encodes sequene with 1) B probability distribution
using asymptotically at least 5 B yumy| "Hfmsy bits/symbol O | @

Seen as weighted averagsymbol of probability sscontains i "Hfmm bits.

Encoding 1 distribution with entropy coderoptimal for 1} distribution costs
30 Bl @M Bl ©om Bnli G —B
more bits/symbol - so calledKullback-Leibler OAE OOAT AAo6 11
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Huffman coding (HC), prefix codes

most of everyday compression,

A8C8 UEDPh CUEDBPh AAAh
Zlibh (the fastest generally availablamplementation):
Encoding~ 320 MB/s (/core, 3GH3
Decoding ~300-350 MB/s

Range coding (RC). large alphabet arithmetic
coding,needs multiplication, e.g.7-Zip, VP Google
video codecs (e.g. YouTube, Hangouts).
Encoding ~100-150 MB/s

Decoding ~80 MB/s

(binary ) Arithmetic coding (AC):
H.264, H.265video, ultracompressors e.g. PAQ
Encoding/decoding ~20-30MB/s

E {

example ofHuffman penalty
for truncated ” p distribution

i [Be 1€sE tHain 1 Had/sgriml) C

OAQ®E 8/H | zlibh | FSE
T 4.001 | 3.99 | 4.00
m® | 4.935| 4.78 | 4.93

™ | 6.344 | 5.58 | 6.33

& 8.851 | 6.38 | 8.84

T80 15.31 | 7.18 |15.29
oL | 26.41 | 7.58 |26.38
T80 W| 96.95 7]‘.90 96.43
Huffman: 1byte© at least 1 bit

ratio 8 here

Asymmetric Numeral Systems (ANS)
FSEimplementation of tANS. Encoding ~350 MB/s

2 # ANS ~7x decoding speedup, no multiplication

tabled (tANS) - without multiplication

Decoding ~500 MB/s

(switched e.g. in LZA compressor)

HC ANSmeansbetter compression and~ 1.5x decoding speedup (e.g. zhuff, I1zturbo)
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Operating on fractional number of bits

We have information stored in a number x and want to add information of symbol s=0,1:
asymmetrize ordinary/symmetric binary system: optimal for Pr(0)=Pr(1)=1/2

. e -y ’ — n ’ — . e -y s
most significant position | ¥’ = x + §-2 X = 2X + s leastsignificant position even

5= 0 p— X JoJ1 2345 6|7]8[9]10[11]12[13[14]1516[17|18]-
.s=000] 1] 12 3] 14 5/ 6 |7/ 8 |9
00 01 10 11 o1l Tor T2 20 13 2l 51 el 177 T8

eg x=12s2- L5 togy Lo 1y

range/arithmetic coding: |some asymmetric binary system for Pr(0) = 1/4, Pr(1) = 3/4

rescale ranges redefine even/odd numbers - change their densities:
' X ~ x/Pr(s) = 5=1  T_s=0
; J— NPF(O)Szl Ny 0/1 2/3[4|5 6|78 9101112 13/14/151617/18/
. 5=010 1 2 3 4
00 01 10 |11 s=1| |0/1]2| |3 4|5 678 910111 [12[13
eg x=15UsyL 56159 1 5931 593
restricting range U to length 0 subrange number
containsi "WH bits containsi "M bits

adding symbol of probabilityr] - containingi “Hfimm bits

1§70 1M 1 QI for 2 wmid |1 @ | @ | Geefor e 2E
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UABS - uniform binary variant (° mip ) - extremely accurate

Assume binary alphabetssh "E’l ,denote ey « oV e V  Oumy
For uniform symbol distribution we can choose:

o Oe lé o ® ) o O .é
T w pifthereisjumponnextposition:i T & <w p
decodingfunction: O @  ifw

itS inverse Z Coding function: 19 ......................................................................
6 TTF[‘A) - p 13b e E
5 ofty 2 '
prt> = |
2t ; | ;
Forpi 0@ p 001 T@& lo100lfo0) = (50)=(V) = (3)
C(s,x)= x/Pr(s) =0 T =1

csx) 0] 1284506 7|8 o [M0]1112[i8]14]15/1617 181920212223 -

s=0 | 0/1| 23 4/5 6| 7/8 (910 111213 |14/15
s=10 1 2 3 4 5 6 7

pX 0.0 0.9 1.8 3.0 39 48 6.0 6.9

X




UABS rABS arithmetic coding

Xp = (uinté4_t)x * pO; xf = x & mask; /1/32bit split = low + ((uint64 _t)
out[i]=((xp & mask) >= p0); xn = p0 * (x >> 16); (hi - low) * p0 >> 16);
xp >>= 16; if (xfrac < p0) out[i] = (x> split);

X = out[i] ? xp : X - Xp; {x =xn + xf; out[i] = 0 } [if (outfi]) {low = split + 1

else { x- =xn+ pO;outfi] =1} else {hi = split;}

(X< 0x10000 ) {X = (x << 16) | *pir++ b Sl ie) e

. . . low <<= 16;
/I 32bit x, 16bit renorma lization , mask = Oxffff hi = (hi << 16) | mask }

entropy: UABS vs TABS vs Arith

decoding speed
1.001 . . . . . g
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RENORMALIZATIONo prevent w© H
Enforcecon 'O OB ltd p by
transmitting lowest bits to bitstream
Guffer6e containsi " bits of information
Z producebits when accumulated
Symbol of 0i 1y containsi @©F1) bits:
Il @O°1 @ | @I modulo 1

encoding: Pr(a)=3/4, decoding:
s= X —>S5,newx
4 > , 6+d1
x=5 x=7 5—> ,4'+2d2+d1
p.~ 0.321 p-=0.25 pe~ 0.241 p,~0.188] | 6 >a,4
M 7 — , 5 ~—0
s= 7 newX nbBits
d, d; produced bits Pr(b)=1/4 decodingTable

example: encoding < decoding

S
X: 44 >S54 > T4 P4t > 64 > L4t >S4 > 54—
bits 00 — 1 — 0 00 01



example of tANS construction for L=16 states and size 3 alphabet
t=decodingTable[x]; use(t.symbol); x > t.newX + readBits(t.nbBits);

1. Approximate probabilities
asp~L /L

2. Spread symbols: L, of symbol s
(fast, step = 5)

2* Scramble k?y 2 e 3 0
(4 block cycle) secure PRNG 0000000000000000

C(s,x

3. Enumerate appearances (S:()) 1617 138 192021 242 23 2425526 2728]29]30[31
from L, to 2L,-1 X s=18 ]9 10 11 12| [1314[15
L:16, LO= 3, L1= 8, L2=5 §=2 5]6 7 8 9
4. Renormalize to make x remainin [ ={L, .., 2L-1} range
decodingTable: x[16[17]18]1920[21]22]23[24]25]26]27]28]29[30[31
(symbol, symbol| 1/1/0]|2]|2[1]0]2[1]0]2]1[2[1|1]|1
nbBits pre-renormalization x| 8]9]3|5|6(10/4|7|11{5|8]12/9 |13]14{15
newX)’ nbBitstoreadtoreturnto /|1 (13221 |2|2|1|2|1|1{1|1|1|1

newX = x,,. <<nbBits [16[18]24|20[24/20[16[28|22/20]16|24{18|26/28/30
5. Endode/decode - e.g. decoding 11/1000011/0101/0011

bits 11 10 0 0 . 011__ 0 1 01 0 0 1 1
x: 25— 23—2>30 —1>28 —2>18 —O>27—1> 24—1> 23—2>29 T26716T17T19

270



tABS

5 state ANS based automata
—— test all possible
| e T symbol distributions
5 RS BRI '
RS N for binary alphabet
00001 01000 (pg11 \ ‘/’ \“’0‘0/ \W\'/\’/‘\(/@\’/Q\"’@\//
RO O
" / ]/ A D /
1 1 L 1 \ J
0.1 0.2 0.3

SCENE store tables for
guantized probabillities (p)

e.gp @p @ ¢ v lgytes
: N for 16 state, 30 18t 11 p

@ - ~, 0.001
O

1

Symb01 dlstrlbutlons (E) M/,/,/—//"'/ ’ iy

(8copt O- AAAT AAO tABS

/ interval subdivision ) —~ ¢
R, = RTAB[m][(R >> 6) & 3] 0 QQw

¢
R, = R - R, W 08 QU MAAABEEDON I

if (V< R,)

oUW NN

R = R,., value = valMPS
else
V=V - R,/ value = !valMPS
R = RLPS
// renormalization
8: while (R < 2°)
9: R =R << 1
10: V=Vl
11: V =V | read one bit()
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Additional tANSadvantage z simultaneous encryption

we can use huge freedom whil@itialization :choosing symbol distributionz
slightly disturb ve using PRNG initialized with cryptographic key

ADVANTAGES comparing to standard (symmetric) cryptography:

standard, e.g. DES, AE ANS based crgtography ( )
based on XOR permutations highly nonlinear operations
bit blocks fixed length pseudorandomlyvarying lengths
(rute force 6| just start decoding | perform initialization ~ first for new
or QCattacks| to test cryptokey cryptokey, fixed to neede.g.0.1s
speed online calculation most calculations while initialization
entropy operates on bits operates onany input distribution
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