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Definitions

A - alphabet
Repetition:  xx , where x € AT
Overlap: axaxa , where a€ A ,x € A*
Examples:
A={0,1,2}
01210121 is a repetition
11 is a repetition
201120112 is an overlap
000 is an overlap
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Sparse overlap-free game

Ben: | want an overlap!
Ann: No overlaps!

Ben wins
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allows her to win the sparse overlap-free game of any even length
over a 4-letter alphabet (provided Ben starts the play).
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Main result

Theorem (Grytczuk, Kosinski, Zmarz)

There exists a winning strategy with finite description for Ann that
allows her to win the sparse overlap-free game of any even length
over a 4-letter alphabet (provided Ben starts the play).

The result above is optimal — Ben can win the game that is played
on a 3-letter alphabet in just 5 moves!
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Ann's strategy

N 1 O O I R

N N e e e e e N —
a b c a c b a

t = abcacbabcbacabcacbacabeb. .. = limj_,o ¢ (a)
a — abc
=< b —ac
c —b

t — an infinite Thue word without repetitions over a 3-letter
alphabet
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Ann's strategy

Ben: | want an overlap!
Ann: No overlaps!

I I I 0 B A B R
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Ann's strategy

Ben: | want an overlap!
Ann: No overlaps!

L L fels] [efsfol [ [ I [ [ [

N N e e e e e N———
a b [¢ a c b a

a — {01,12,23,30}
b — {02,13,20,31}
¢ — {03,10,21,32}
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Ann's strategy

Ben: | want an overlap!
Ann: No overlaps!

L felsfefefsfol [ [ [ [ [ [-~]]

Se—— N e N Y Y Y ——
a b [ a [ b a
a — {01,12,23,30}
b — {02,13,20,31}
¢ — {03,10,21,32}
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Why does it work?

Suppose that an overlap axaxa exists as a subword and m = |x|.

Ll Jalxafel - Jmlalxlof-|xmla[-] |
e mis odd
dX1 X2X3 X4X5 XeX7 dAX1 X2X3 X4X5 XeX7 A or
R e N N e
rn r2 &} ra n r r3 ra

d X1X2 X3X4 X5Xe X7d X1X2 X3X4 X5Xe X7d
N N

s1 B s3 sy s1 S s3 sy

rr or ss — asubword of t
t — an infinite Thue word without repetitions
= contradiction
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Why does it work?

@ mis even

dX1 XoX3 X4X5 Xpd X1X2 X3X4 XpXg A or
LR e A Pl e

uy u3 us uy up ug Ug
d X1X2 X3X4 X5Xg dX1 X2X3 X4X5 Xed
NN NN N

up ug ug uy u3 us uy

uy
a —X1
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Why does it work?

@ mis even

dX1 XoX3 X4X5 Xpd X1X2 X3X4 XpXg A or
LR e A Pl e

uy us us uy up us ug
d X1X2 X3X4 X5Xg dX1 X2X3 X4X5 Xed
NN NN N

up ug ug uy u3 us uy

uy un
a —X1 —»X2
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Why does it work?

@ mis even

dX1 XoX3 X4X5 Xpd X1X2 X3X4 XpXg A or
LR e A Pl e

ui u3 us uy up ug Ug
d X1X2 X3X4 X5Xg dX1 X2X3 X4X5 Xed
NN e e

up ug ug uy u3 us uy

u up u3 ug us ug uz
a—>X] —X2 —> X3 —> X4 —> X5 — Xg — a
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Why does it work?

@ mis even

dX1 XoX3 X4X5 Xpd X1X2 X3X4 XpXg A or
PP Spae M A N Sl e e

ui u3 us uy up ug Ug
d X1X2 X3X4 X5Xg dX1 X2X3 X4X5 Xed
NN NN N

DD S S G
2 Dx1 Bx0 2 x3 5 x4 =2 X5 — X —1 a

a— {031,1%2,2%33%0} =  a=+1 (mod 4)

b {0%2,1%32%0,3%1} = b=42

c—{053,150,251,3%2} =  <©=+3 (mod 4)
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Why does it work?

@ mis even

dX1 XoX3 X4X5 Xpd X1X2 X3X4 XpXg A or
LR e A Pl e

ui u3 us uy up ug Ug
d X1X2 X3X4 X5Xg dX1 X2X3 X4X5 Xed
NN NN N

uo us Ug uq us us uy
u up u3 ug us ug uz
a—>X] —X2 —> X3 —> X4 —> X5 — Xg — a
a— {031,1%2,2%33%0} =  a=+1 (mod 4)
b— {022,1%3,2%0,3%1} = b=+
=

c — {053,150,251,352}

|
_|_
S
i
S
=
)
—_
3
o
o
Nt

value +1Tqh + Uy + Uz + Uz + Us + Ue
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Why does it work?

@ mis even

dX1 XoX3 X4X5 Xpd X1X2 X3X4 XpXg A or
PP Spae M A N Sl e e

ui u3 us uy up ug Ug
d X1X2 X3X4 X5Xg dX1 X2X3 X4X5 Xed
NN NN N

up ug ug uy u3 us uy

2 Dx1 Bx0 2 x3 5 x4 =2 X5 — X —1 a
a—s {051,152,2%3,3%0} = a=+1 (mod 4)
b {0%2,1%3,2%0,3%1}) =  b=+2 (mod 4)
c— {053,150,251,3%2} =  ©=+43 (mod 4)

value + 1 + Ty + U3 + Tg + Ts + Te + U7y = value (mod 4) 2
71+72+73+74+75+76+7750(m0d4) B
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@ m is even

dX1 XoX3 X4Xp5 Xgd X1X2 X3X4 X5Xe d or
N

up u3 us uy u ug ug
d X1X2 X3X4 X5Xg dX1 X2X3 X4X5 Xgd

R A N e g e

up us ug uy u3 us uy

U+ U+ U3+ Us+Us + g+ u7 =0 (mod 4)



The game of overlaps

Why does it work?

@ m is even
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N

up u3 us uy u ug ug
d X1X2 X3X4 X5Xg dX1 X2X3 X4X5 Xgd
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U+ U+ U3+ Us+Us + g+ u7 =0 (mod 4)

If w is a subword of t, then ||w|, — |w|.| < 1, where |w|, denotes
the number of times the letter s appears in w.
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Why does it work?

@ m is even

dX1 XoX3 X4Xp5 Xgd X1X2 X3X4 X5Xe d or
N

up u3 us uy u ug ug
d X1X2 X3X4 X5Xg dX1 X2X3 X4X5 Xgd

R A N e g e

up us ug uy u3 us uy

U+ U+ U3+ Us+Us + g+ u7 =0 (mod 4)

If w is a subword of t, then ||w|, — |w|.| < 1, where |w|, denotes
the number of times the letter s appears in w.

By lemma and counting the numbers of a, b, c in u:
T+ T+ T3+ Ta+Ts + g+ 07 #0 (mod 4)
= contradiction
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The end

Questions?



